We consider the Diffusive Epidemic Process (DEP), a two-species reaction-diffusion process originally proposed to model disease spread within a population. This model exhibits a phase transition from an active epidemic to an absorbing state without sick individuals. Field-theoretic analyses suggest that this transition belongs to the universality class of Directed Percolation with a Conserved quantity (DP-C, not to be confused with conserved-directed percolation C-DP, appearing in the study of stochastic sandpiles). However, some exact predictions derived from the symmetries of DP-C seem to be in contradiction with lattice simulations. Here we revisit the field theory of both DP-C and DEP. We discuss in detail the symmetries present in the various formulations of both models. We then investigate the DP-C model using the derivative expansion of the non-perturbative renormalization group formalism. We recover previous results for DP-C near its upper critical dimension dc = 4, but show how the corresponding fixed point seems to no longer exist below d 3. Consequences for the DEP universality class are considered.
I. INTRODUCTION
A large variety of systems in physics, chemistry, biology, population genetics, or traffic flows can be modeled by reaction-diffusion processes. These processes are stochastic out-of-equilibrium models describing particles of one or several species which randomly diffuse on a lattice and can undergo some reactions at given rates when they meet [1] [2] [3] [4] [5] . These models are of fundamental importance both from a phenomenological and from a theoretical point of view. They generically feature pattern formation and non-equilibrium phase transitions, such as the ubiquitous transition to an absorbing state which traps the system. Reaction-diffusion processes hence provide simple models to study non-equilibrium scaling and phase transitions. Whereas the one-species processes are relatively well understood [4, 5] , the multi-particle processes are far less explored.
In this work, we consider the Diffusive Epidemic Process (DEP) [6] , which is the two-species (A and B) reaction-diffusion system with reactions:
The species A and B diffuse independently with diffusion constants D A and D B . They can be interpreted as healthy and sick individuals respectively, undergoing infection on contact at rate k and spontaneous recovery at rate 1/τ . A salient feature of this process is that the total number of particles is conserved. This model was theoretically studied using field theory and Renormalization Group (RG) in [6] . An action for DEP was derived using the Doi-Peliti formalism [7, 8] and analyzed perturbatively. For equal diffusion rates, the authors found that at a critical population density, a continuous absorbing phase transition occurs with upper critical dimension d c = 4, which does not belong to the ubiquitous Directed Percolation (DP) universality class but to a new class (KSS) introduced in [9] to model the effect of pollution on a population. The KSS universality class is endowed with the critical exponents ν = 2/d, z = 2 and η = − /8 (that is β/ν = (d + η)/2 = 2 − 9 /16) to first-order in = 4 − d. For D A < D B , the authors of [6] Regarding i), all simulations performed after [10] , both in d = 1 [11, 12] and d = 2 [13] , strongly indicate that the phase transition is continuous also in the case D A > D B , checking in particular the absence of hysteresis [13] . Regarding ii), early simulations in d = 1 for D A = D B [14] found ν = 2.21 (5) in disagreement with the RG prediction ν = 2/d = 2 [6, 9] . Subsequent simulations reported in [11] partially reconcile both results suggesting that the discrepancy could be imputed to corrections to scaling. However, the debate exposed in [15, 17] is still unresolved. The initial result ν = 2.21(5) of [14] was criticized by Janssen [15] using the following line of argument. By truncating the action deduced in [6] to the terms relevant in a perturbative analysis around the upper critical dimension, he obtained an action which was given the name of DP-C [16] . The DP-C action exhibits particular symmetries which enforce the exact value ν = 2/d at the corresponding fixed point. On the other hand, the authors of [17] replied by observing that the full DEP action includes (irrelevant) terms that violate these symmetries. Although these terms are naively irrelevant near the upper critical dimension d c = 4, they could become relevant away from it and in particular in d = 1. If the transition is not driven by the DP-C fixed point, but instead by another one having less symmetries, the argument of [15] does not hold and the value of ν is not fixed. It could depart from 2/d and possibly be compatible with values from simulations. Numerical simulations in d = 2 for equal diffusion constants D A = D B convincingly ruled out the DP exponents, but could not settle on whether ν = 1 (with possible logarithmic correction) in accordance with the field-theoretic result, or ν < 1 [18] . Finally, regarding iii), Table I shows that for D A < D B in d = 1, either ν = 2 or β = 1, and likewise for D A > D B . Yet, if the transition is controlled by the DP-C fixed point, the symmetries constraints imply ν = 2/d = 2 and β = 1.
In this work we present our take on these issues along two complementary lines. First, we review the different actions proposed both for DEP and DP-C, and perform a detailed analysis of the symmetries of these actions. We show that the action of DP-C has more symmetries than that of DEP. These additional symmetries are likely to be realized in the neighbourhood of the upper critical dimension d c . The question, already raised in [6, 15] , is whether they can effectively emerge in the infrared near the critical regime far from d c . Accordingly, in a second step, we study the DP-C action to search for an infrared fixed point in low dimension, using the non-perturbative renormalization group (NPRG) formalism [19, 20] at leading order in the Derivative Expansion approximation scheme. This approximation scheme has proven to be generically very effective to tackle difficult problems beyond perturbation theory (for general reviews, see [21] [22] [23] ; for a pedagogical introduction, see [24] ). The application of the NPRG method to reaction-diffusion processes was initiated in [25] and has a fruitful history for one-species processes (see, for example, [26] [27] [28] [29] [30] ; for a recent technical improvement, see [31] ). It is here implemented for the first time to study a multi-species reaction-diffusion system. Using this method, we observe that the fixed point found in perturbation theory acquires an additional relevant direction at a dimension around 3. This suggests that the DP-C fixed point does not control the critical physics of the DEP universality class in dimensions d = 1 and d = 2. We leave for future work the analysis of a more general approximation scheme accounting for the terms which are allowed by the symmetries of the DEP action but forbidden by the more restrictive DP-C one. We finally present our conclusions and some perspectives.
II. FIELD THEORY AND DOI-PELITI PROCEDURE
A process such as (1) defines a master equation. Following the Doi-Peliti procedure [7, 8] , the latter can be cast into a field theory upon introducing creation and annihilation operators and formulating a coherent-state 
(2) In particular, for the DEP process (1) one obtains
with a * (resp. b * ) complex-conjugate of a (resp. b), and n A = a * a, n B = b * b. Since we are interested only in stationary-state expectation values, the dependence with respect to initial conditions is dropped in the previous expressions, and in the following.
One can define, as usual, the generating functional for correlation functions:
where greek indices stand for coordinate and internal indices. Here, φ denote the various fields present in the model and J the associated sources. The cumulant generating functional and its Legendre transform (the generating functional of one-particle-irreducible vertex func-tions, or effective action Γ[Φ]) are defined as:
where
Working with the effective action has the advantage that the symmetries of the original action are expressed as simple Ward identities for the effective action. More precisely, let us consider infinitesimal symmetries that are affine in the fields:
The related Ward identity imposes that Γ[Φ] possesses the same symmetry, that is,
This result generalizes to the case where the action S[φ] is not strictly invariant under the transformations (7), but has a variation linear in the fields. In this case, the Ward identity simply becomes
that is, the variation of the effective action has the same form as the variation of the bare action. We now analyze the various actions proposed for the study of the transition in the DEP model and the associated symmetries.
III. DEP FIELD THEORY
In order to study the action (3) and following [6] , we apply the Doi-shift and use the change of variables
where ρ is the initial total density, to obtain the action of DEP [6] 
with parameters
In the expression (11), the time has been rescaled by D A . As a consequence, we cannot study directly the case D A = 0, known as C-DP in the literature, which is a whole field in itself [33] [34] [35] [36] [37] . Notably, a mapping has been established between C-DP and the quenched Edward-Wilkinson model in [38, 39] . It would be interesting to investigate whether the limit D A → 0 can be recovered from the DEP action as a short time transitional regime, since this limit corresponds to t → 0 in the rescaled action. This would imply to consider breaking of time-translation invariance, which is beyond the scope of the present work.
Further approximations of the DEP action are delicate because the fields in (11) do not represent the physical densities. In particular, we show below that the truncation of S WOH DEP performed in [6] leads to an action which does not conserve the total number of particles if interpreted as a coherent-state path integral. To clarify this point, let us expound an alternative way to obtain a coarse-grained action [39] which relies on the Grassberger transformation [40] 
It was shown in [41] that this transformation results in a path integral for the physical density fields of particles. Applied to the original action (3), it yields
In this formulation, the conservation of the total number of particles is conveniently expressed through the following field transformation [39] :
where Λ(t) is a function of time with suitable boundary conditions. Even if this transformation is not a symmetry of the action S G DEP given by (14) , the variation of the latter is linear in the fields. As explained in the previous section, one can then deduce simple Ward identities.
Let us come back to the coherent-state action of DEP, Eq. (11) . Although the conservation of particles is not as simple as in the Grassberger formulation (transformation (15)), the corresponding symmetry exists for the action (11) and readsφ
where Λ is an arbitrary constant. Let us remark that the field transformation (16) is a true symmetry of the action (11), contrarily to its Grassberger version, where the transformation (15) with a constant Λ is not a symmetry of S G DEP . On the contrary, the Ward identity associated with the time-gauged transformation (16) turns out to be difficult to control in the WOH formulation (because in this case the variation of the action is not linear in the fields). On the other hand, the action S WOH DEP is a polynomial in the fields which significantly simplifies most calculations. Let us emphasize that, in both cases, truncations of the corresponding actions -which are necessary in a perturbative approach -must be done carefully, in order not to break the symmetries (15) or (16), associated with the conservation of the total number of particles. In the next section, we analyze the action for the DP-C model and discuss its relations and differences with the DEP action.
IV. DP-C FIELD THEORY
Despite of the transparent symmetry (15), the Grassberger action (14) has the drawback of being no longer a polynomial in the fields. Nonetheless, by further heuristic truncations, one can propose the action of the Directed Percolation coupled to a Conserved field or DP-C. From (14) , changing to variables n A → ρ+c−n, n B → n,ñ A → c,ñ B →ñ +c, keeping only relevant terms around the upper critical dimension d c and rescaling, one gets
using the same notations as before and with
In this action, n represents the density of B, equivalent to ψ, and c the fluctuation of the total density, equivalent to φ. It is an extension for arbitrary µ of the KSS action obtained in [9] from a coarse-grained Langevin equation.
The DP-C action can also be obtained from the coherent-state action (11) , upon dropping the quartic terms which are perturbatively irrelevant in d = 4 − . This was done in [6] and led for µ < 0 to the WOH universality class. However, the resulting action interpreted as a coherent-state path integral does not correspond to a process where the total number of particles is conserved. This can be checked by inverting the changes of variables to re-express the action in terms of a, a * , b, b * , and then applying the Grassberger transformation. This issue notwithstanding, the truncated action is formally equivalent to DP-C. Indeed using the change of variable c = ϕ+φ,c =φ, one recovers (17) with γ = g and r = 1. (Note that in (17) , r can be absorbed by a rescaling of the fields c andc). Thus, at the formal level of the field theory, forgetting about the nature of the fields at stake, the density field action and the coherent-state one are equivalent when they are truncated to the terms relevant around the upper critical dimension. In the remainder of the article, we choose to work with the latter, which reads:
The shift transformation (15) in terms of these fields reads
with Λ(t) a function of t with appropriate boundary conditions as before. As for the Grassberger action (14), the variation of the DP-C action (19) under the transformation (20) is linear in the fields, generating simple Ward identities. Even more, for the truncated action (19) , one can consider the generalization of (20) gauged not only in time but also in space:
The variation of the DP-C action under this enhanced transformation is linear in the fields, which implies the Ward identity:
where δ X denotes the variation of X under the infinitesimal transformation (21) . This prompts to write
i.e. apart from the first two terms which are not renormalized, Γ is invariant under (21) . This result implies that d Φ = dΦ = d/2 (which prompts to define η andη as the anomalous dimension of Ψ andΨ respectively) and z = 2. Moreover if µ = 0, then Ψ and Φ must have the same dimension, which leads to
Besides this gauged shift transformation, the DP-C action has the following duality property [15] ,
where is a constant real parameter. It was shown in [9, 15] that this duality implies ν = 2/d exactly. This result, in conjunction with η = 0 (which holds for µ = 0), then yields β = 1 exactly through the hyperscaling relation β/ν = (d + η)/2. In the particular case where µ = 0, the action (19) possesses the extra generalized "rapidity" symmetry [15] :
As a consequence, the effective action Γ inherits this symmetry and, moreover, η =η. All the exact results for the exponents of the DP-C universality class (equivalent to the KSS class for µ = 0 and to the WOH class for µ < 0) are summarized in Table II . Let us make a point clear about issue iii) in the introduction, regarding the value of the exponent β. One of the outcomes of the previous analysis is that for DP-C, the identities ν = 2/d and η = 0 imply β = 1 exactly for µ = 0. Hence the DP-C action cannot account for a non-trivial value of β, as seems to be observed in this case in lattice simulations [11, 12] .
V. DISCUSSION OF THE RELATION BETWEEN DEP AND DP-C
The symmetry (16) provides a possible scenario for the transition from DEP to DP-C. Indeed, the corresponding Ward identity, derived in (A 2), reads for arbitrary vertex functions:
where the subscript 0 denotes constant and uniform background fields. The functional Γ is defined at a renormalization scale k which goes to zero in the thermodynamic limit (see next section). Let us introduce the renormalised adimensioned fieldsφ = k
In the corresponding adimensioned identity, the first two terms are enhanced with an explicit k −d φ and k −dφ factor. Hence, they dominate in the limit k → 0, as long as the scaling dimensions of the fields φ andφ are positive. One is then left in the infrared with the following Ward identity
which is identical to the Ward identity for the pure shift (20) . In fact, we present below results from the integration of the NPRG flow which confirm to some extent this scenario.
However, let us note that this property is not sufficient to ensure that the DEP transition belongs to the universality class of DP-C. Indeed, the exponents of DP-C follow from the conjunction of both the space-time gauged shift (20) and the duality relation (24) . However, the first of these symmetries is not valid for DEP, since a renormalization of the φφ propagator is allowed. Consequently ν can still depart from 2/d even though the shift symmetry is restored in the infrared at the DEP fixed point.
Of course, these symmetries can always appear as accidental symmetries of the fixed point. Indeed, the field theoretical results [6, 15] suggest that this is the case for spacial dimensions close to the upper critical dimension, where the only relevant terms are the cubic ones, and the cubic action satisfies these gauged symmetries. However, it is unclear whether the gauged identities remain attractive at the relevant infrared fixed point in arbitrary dimensions. This connects with the original question raised in [6, 15] : The DP-C fixed point has a priori more symmetries than the DEP one. Whether the DP-C fixed point continues to control the DEP transition in low dimensions (as it does near the upper critical dimension), is a dynamical question to be investigated. Our task in the remainder of the article is to study both DP-C and DEP through their respective symmetries with the help of NPRG techniques.
VI. NON-PERTURBATIVE RENORMALIZATION GROUP
The NPRG procedure for equilibrium systems [19, 20] can be straightforwardly generalized to out-ofequilibrium phenomena [25, 42] . The starting point is to modify the generating functional (4) by adding a scale dependent quadratic regulator. Generically,
where, as before, greek indices stand for coordinate and internal indices. The role of the regulator R k is to smoothly replace momenta q < k in the propagator with k (denoting q = |q|). Here, both theφϕ andψψ propagators are regulated; more precisely
, where λ k and Z k are running coefficients defined in Eq. (36) . In this work, we choose to use the cutoff function r proposed by Litim [43] r(y)
which allows for analytical integration on momenta. The regulated cumulant generating functional and its (modi-fied) Legendre transform are then defined as
where Φ α = φ α = δW k /δJ α , generalizing previous definitions in presence of the infrared regulator. The evolution of Γ k with the RG scale k is given by the exact flow equation [19] :
which smoothly interpolates between the mean-field effective action Γ Λ ∼ S and the exact effective action Γ 0 = Γ, when k is lowered from a microscopic UV cutoff Λ to 0. At this point, in order to integrate (33) , some approximations have to be made based on the properties of R k and on identities coming from the symmetries of Γ k .
A. Exact exponents from symmetries of DP-C
In order to propose appropriate ansätze for Γ k , its general form must be constrained by the symmetries of the action. This is achieved as previously through the use of Ward identities, generalized to account for the presence of the infrared regulator R k (see Appendix A). In particular, the Ward identity (22) remains true for Γ k , and yields that Γ k endows the same general form as (23) (34) with the explicit kinetic terms unrenormalized andΓ k invariant under (20) . This implies that the NPRG flow maintains the property d Φ = dΦ = d/2 and z = 2. Moreover, if µ = 0, then the flow also preserves d Ψ = d/2, i.e. η = 0.
Furthermore, using the duality transformation (24), one obtains the constraint (see Appendix A 1)
where U k is the effective potential, which corresponds to Γ k evaluated for homogeneous static fields (divided by the space-time volume). Within an adequate parametrization of U k , one can deduce from (35) that ν = 2/d exactly, and at the same time identify the relevant direction of the flow, see Appendix A. Hence, within the NPRG framework, the modified Ward identities also fix the exact values for the critical exponents of DP-C, gathered in Table II . Let us notice that for DEP, a relation similar to (35) also exists (see Appendix A 2), fixing ν = 1/d φ exactly. However, the field ϕ may acquire in this case a non-trivial dimension so that ν can be different from 2/d.
B. Γ k ansatz for DP-C and results from NPRG
Using the above contraints, we propose an ansatz for Γ k . In this work, we restrict to the Local Potential Approximation, or LPA, modified minimally to account for the renormalization of the fields [20] , a modification which is usually referred to as LPA'. It means that the only momentum dependence of Γ k is contained in the bare propagator (up to the scaling factor for the field), while the potential part U k is renormalized:
Furthermore, while some of the results presented below are valid for an arbitrary potential, the integration of the flow and the search for a fixed point are performed by Taylor expanding U k (around a minimum for Φ +Φ, see appendix A 1) to a finite order (from third up to sixth order) and truncating the corresponding flow equations at the same order. The derivation of the flow equations is explained in Appendix B. The LPA (or LPA') approximations are simple to implement, and straightforward to relate to known perturbative renormalization results. It gives a fairly accurate view of the physics in most problems. However, it also has limitations, as emphasized in the following.
For the third order (which corresponds to a renormalization of the coupling constants of the vertices of the DP-C bare action), we find a critical fixed point for any dimensions below d = 4 and for any value of µ. It corresponds to the fixed point precedently described perturbatively in [6] . For µ > 0, we also find that a fixed point exists, but the flow cannot reach it since this would require for the vertex ΨΨ(Φ +Φ) to change sign, which is prevented in our scheme by the expansion around the minimum. This is manifest in Eq. (B16), the corresponding couplingũ 111 cannot vanish.
From the fourth to sixth order, we find a fixed point with one unstable direction for all values of µ, but only for d 3. Let us first discuss the case µ = 0. The values of η at the corresponding fixed point are displayed as a function of the dimension in Fig. 1 . A striking difference is manifest between the lowest and higher orders. For d = 3, we obtain the value η = −0.3 at fourth order. For higher orders, the values of η at different dimensions are similar to those of the fourth order, but the fixed point solution is lost at a dimension slightly higher than d = 3. If extrapolated to d = 1, these values seem to be in accordance with the simulations in d = 1, but the fixed point solution disappears in dimension d 3. Unfortunately, it is computationally too costly to implement the seventh and higher orders. The way to progress would be to deal with richer ansätze, for example using the full effective potential without truncation. At this point, as discussed below, it is not clear whether the disappearance of the fixed point is an artifact due to the finite-order trunca- tion of the LPA', or if it is related to the intrinsic nature of the DP-C fixed point and its relation to DEP.
In the µ < 0 case, this problem seems even sharper (see Fig. 2 ), since the domain of existence of the fixed point with one unstable direction describing the transition around d = 4 is not under control as the truncation order increases. Finally, when µ > 0, the same fixed point as for µ < 0 is present, but it cannot be reached from the bare action. Besides this fixed point, from the order four in the field expansion, we find a new fixed point in the physical region of parameters. In contrast with the perturbative calculations but in agreement with the numerical simulations, this finding supports the existence of a second order phase transition for µ > 0. However, we are not able to convincingly assess the convergence of this result with the order of the truncation in the field expansion, since the domain of existence of this fixed point also varies significantly as the order is increased.
Let us note that for µ = 0, as η = 0, the only nontrivial exponent for the DP-C class isη (see Table II ). This exponent is related to θ = −η/(2z), the critical initial slip exponent [6] . Hence, it would be interesting to compare the value ofη obtained for µ = 0 in d = 3 to simulations in order to test the relevance of the corresponding fixed point. Unfortunately no such determination exists in the literature for µ = 0. In both cases, the disappearance of the DP-C fixed point gives rise to the same question as in the µ = 0 case. Either it is an artifact to be imputed to the finite-order truncation, or it signals that the transition cannot be described by the DP-C class in low dimensions.
C. RG flow for the DEP action
Although the LPA' for DP-C shows promising results, the confirmation of the existence of a fixed point with one unstable direction driving the absorbing transition in d = 1 does not seem to be reachable within the kind of approximation implemented in this paper. Moreover, given that the DP-C fixed point seems to be characterized by a larger symmetry group than the DEP one, it is unclear if one should expect the infrared DEP fixed point to be the same as the DP-C one for dimensions far from d c . On top of this, as already mentioned, some DP-C predictions for critical exponents (such as β = 1 for µ = 0) seem to be inconsistent with the results of lattice simulations. Independently of this last point, it is unsatisfactory from a NPRG point of view not to pinpoint how the DP-C symmetries can emerge along the flow from a microscopic action lacking these symmetries.
As an attempt to clarify this issue, we studied the flow of a potential U k (Φ,Φ, Ψ,Ψ) symmetric under the transformation (16) related to the DEP action, Taylor expanded both in Φ andΦ around a minimum value. We find that, in dimensions d 3 where the DP-C fixed point exists, the effective action preserves the rescaling symmetry (16) along the flow, which progressively behaves as the shift symmetry (20) , eventually recovered at long distance, for any value of µ, confirming the scenario proposed in Sec. V. However, this scenario only holds for values of d where the DP-C fixed point exists and has the appropriate number of relevant directions in order to control the critical behaviour (which depend on µ and on the order of the truncation). Below this value, the flow leads to another fixed point which is unphysical or diverges. This new fixed point is presumably spurious but its existence may be the reason why the DP-C fixed point ceases to exist below a certain dimension. We conjecture that if a more elaborate approximation describing a broader theory space than DP-C was used, the same mechanism would occur in small dimensions but the flow would lead to a genuine fixed point, which is absent in our truncation.
Let us explain why the LPA' does not suffice to resolve this issue. First, let us note that the analysis of the diagrams involved in the perturbative renormalization of the theory shows that the conjunction of the ΨΨ term as a multiplicative factor of the potential and the Itō's prescription [42] (which forbids tadpoles in the perturbative formalism and also within the LPA' approximation) implies that in practice the ΦΦ propagator cannot be renormalized and hence no fixed point other than the DP-C one can be reached starting from the DEP action. The same conclusion holds within the LPA' approximation, regardless whether the effective potential is expanded or not. In order to study the possible differences between DEP and DP-C, a more elaborate approximation, allowing in particular for a renormalization of the ΦΦ propagator has to be implemented. In this respect, the Grassberger formulation seems to be a better starting point because, as already mentioned, its variation under the time-gauged shift (15) is linear. This may constitute the subject of a future work.
VII. CONCLUSION
We analyzed the action of DP-C and DEP, and provided a detailed analysis of their respective symmetries. We then studied the DP-C action in the framework of non-perturbative renormalization, using a modified local potential approximation LPA'. We recovered the results of previous field theoretical studies at one-loop in theexpansion [6] , that is the existence of a DP-C fixed point for µ = 0 and µ < 0.
However, it turns out that this result cannot be simply extended to d = 1 and 2. Indeed, we observed (within the LPA') that this fixed point no longer exists below a certain dimension d 3. At this stage, two possible explanations can be contemplated. The disappearance of the DP-C fixed point can be an artifact of the LPA' approximation implemented in this work, which means that finding the DP-C fixed point is low dimensions requires a higher-order approximation. The alternative interpretation is that the DP-C fixed point ceases to control the absorbing transition in low dimensions, and thus that the transition in the DEP model is driven by another fixed point, which has less symmetries than the DP-C one. Investigating this scenario also requires a more elaborate approximation, able to distinguish between the DEP and DP-C renormalizations. This interpretation means that the transitions observed in lattice simulations in d = 1 or 2 do not correspond to the DP-C universality class, but to a genuine DEP class, where the exponent values are not fixed by the exact DP-C identities. This scenario could explain the mismatch between the exact predictions coming from the symmetries of the DP-C fixed point, and results obtained in lattice simulations. In conclusion, the study of DEP and of its possible coarse-grained counterpart, DP-C, is far from being a settled subject. We hope to be able to answer the questions raised in this article in future studies.
Appendix A: Ward identities
Within the NPRG framework, in the presence of the infrared regulator R k , Ward identities can be derived by considering an infinitesimal change of variable in Z k [44] :
If the jacobian of the change of variables is one, and using
It means that the variation of Γ k is equal to the mean of the variation of S (up to a possible regulator term).
The right-hand side can be made explicit if δ S is linear in the field and the regulator term is invariant. This is a standard result for a global symmetry of the action. Another interesting case is when a global shift (A = 0) symmetry of the action is gauged. Under the condition that the momentum dependence of S is only contained in its quadratic part, one can derive a local constraint on Γ k . This is the case for the symmetry (20) of DP-C, detailed below.
Ward identities for DP-C and ν = 2/d
The variation of Γ k under the space-time gauged version of (20) reads
This identity means that these two terms are not renormalized, and the remaining part of Γ k must be invariant under the transformation (20) . That is, it can only depend on Φ +Φ, hence the parametrization (36) . The exact value for the exponent ν is then fixed by the duality (24) . Indeed, performing the infinitesimal change of variable ϕ → ϕ+ in Z k , one obtains the Ward identity
Evaluating this identity for a uniform and static field configuration then yields
where U k is the effective potential. Since U k is analytic, let us consider the expansion of U k around a minimum χ k for Φ +Φ
such that ∂ ΨΨ U k (χ k , 0, 0) = u 0,k (0, 0) = 0 (notice that the property U k ∝ ΨΨ can be shown to be conserved by the flow, which is why the minimum is defined after derivation with respect to Ψ andΨ). Let us also note that the identity (A5) is true for any higher order vertex functions evaluated in non-zero background field. Plugging in (A5) the expansion (A6) then yields
By evaluating this equation at Ψ,Ψ = 0, using u 0,k (0, 0) = 0 and u 1,k (0, 0) = 0 as well as the analyticity of the potential, one obtains
(A9) means that χ k is the only relevant coupling, so that the flow can be projected on the critical surface by considering all couplings except χ k . As usual, the fixed point is fully attractive within the critical surface. Now, if one considers the action detuned from criticality by the infinitesimal quantity σ − σ c , one has
, where ξ is the correlation length. Combining this consideration with (A8), one gets
Ward identities for DEP
Let us consider the symmetry (16) . The DEP action (11) is invariant uder this transformation, so one is led to the Ward identity 
where a, b, c, d are the respective numbers of functional derivatives with respect to the fields Φ,Φ, Ψ,Ψ and the 0 indice denotes homogeneous background field value. The counterpart of the duality relation (24) also applies for DEP. By shifting ϕ andφ by the same infinitesimal constant in (11), one obtains
This identity is similar to (A4), and the same derivation to establish the exact identity for ν can be used for DEP, leading to
As emphasized previously, at variance with the DP-C case, the fields ϕ andφ in the DEP action may be renormalized and acquire an anomalous dimension, such that ν may differ from 2/d at the DEP fixed point. 
where the dependence in k has been omitted for notational simplicity. At this point, the procedure is the same as for NPRG applied to equilibrium systems. With our choice of regulator, the momentum integral can be performed analytically and, following the previous example, one is left with 
where d is the spatial dimension and
). The last step is to introduce rescaled variables
ijl , otherwise
The flow equation of the rescaled minimum is deduced from the implicit equation ∂ ψψ U k Min = 0 in terms of the rescaled variables. For µ = 0, one obtains
In the case µ = 0, one obtains 
To get the full set of coupled ordinary differential equa-tion forχ, λ and the coefficientsũ ijl up to the truncation order, the above procedure is systematically implemented using Mathematica. We verified thatχ decouples from the other couplings, which implies that it is an unstable direction of the flow with eigenvalue d/2 and that, once its flow is excluded, the flow of the other couplings is fully attractive (if a critical fixed point exists). In consequence, the integration of the flow can be simply done numerically, without the need to perform any fine-tuning.
